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Abstract: A new, robust discrete event controller synthesis methodology for
the successful convergence of assembly tasks is presented. The modelling of an
assembly process as a hybrid dynamic system has been shown to be a very effective
strategy to incorporate both the continuous and discrete natures of the interaction
between the workpiece and its environment. Prior works have presented controller
synthesis methodologies for velocity- and force-controlled systems and here we
present, synthesis techniques to develop controllers which are robust to modelling
and measurement errors. A number of examples are given which demonstrate the

effectiveness of this method.
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1. INTRODUCTION

This paper will consider the control of con-
strained motion systems. Examples of such sys-
tems are numerous, particularly in the field of
robotics. For example, walking machines, robot
manipulators performing assembly or grinding
tasks, and robotic hands grasping objects are all
constrained motion systems. A great deal of re-
search has been conducted in the field of con-
strained motion systems. Efforts have been fo-
cussed on control systems for the control of con-
tact forces and transition behaviour. In particular,
Hogan ? proposed an impedance control scheme
and many alternate hybrid position/force control
schemes have since been developed. Despite these
efforts, the application of constrained motion sys-
tems has not had the burgeoning success of compa-
rable technologies. This lack of success is due to a
continuing focus on the low-level details. We would

argue that work for constrained motion systems
should proceed at a more abstract level. Hybrid
dynamic systems provide a good framework for
modelling and analysis of abstract concepts linked
to continuous systems.

A hybrid dynamic system ? consists of a dis-
crete event system interacting with a continuous
time system. Usually, the discrete event system
is a decision-maker or controller and operates at
an abstract level. A simple example is a furnace
system in a typical home. The thermostat is an ab-
stract, discrete event system with two states “too
cold” and “warm enough”, whereas the house and
furnace are continuous time systems. The control
algorithm is to turn the furnace on when in the
“too cold” state and turn the furnace off otherwise.
Even this simple example illustrates the important
feature of hybrid dynamic models, which is to com-
bine abstract concepts with continuous systems.



There have been many wide-ranging applica-
tions of hybrid dynamic systems, most notably in
manufacturing systems and network protocols. To
date, they have been used in detailed assembly
tasks ?, for stable contact transitions ?, and tele-
phone network protocols ?. Most of the research
work in the area of hybrid systems is concerned
with developing and proving control-theoretic
ideas for specific classes of systems. Ostroff and
Wonham ? provide a powerful and general frame-
work (TTM/RTTL) for modelling and analysing
real-time discrete event systems. Brandin and
Wonham have developed supervisory controllers
for timed discrete event systems ?. These papers
have tried to capture a wide range of system at-
tributes in simple models to allow for tractable
analysis and control optimisation. McCarragher
? proposed a discrete event controller synthesis
methodology for velocity-controlled systems. Since
then, the authors have developed a controller syn-
thesis methodology for force-controlled systems
?. This paper proposes a robust discrete event
controller synthesis methodology which results in
improved performance in the presence of measure-
ment and modelling errors.

For many types of constrained motion tasks,
a major cause of failure is errors in control com-
mands resulting from measurement and modelling
uncertainty. Many control schemes do not even ad-
dress the issue of measurement uncertainty. How-
ever, ? consider the problem of uncertain con-
straints but not within a discrete event framework.
This paper extends prior works in the area of
discrete event controller synthesis by developing
synthesis methodologies which make allowances
for measurement and modelling uncertainties. The
synthesised controllers will combine the excellent
error recovery characteristics of discrete event con-
trol with the ability of robust command generation
to avoid most errors.

2. HYBRID DYNAMIC MODELLING OF
CONSTRAINED MOTION SYSTEMS

We will consider a constrained motion system
which involves the motion of a rigid, polyhedral
workpiece with possible constraints introduced by
contact between the workpiece and a fixed, rigid
and polyhedral environment. Systems of this type
are typical of assembly processes. In a previous
work, McCarragher ? demonstrates that all possi-
ble states of contact between two polyhedral parts
in Cartesian space can be described as combina-
tions of edge-edge and surface-vertex contacts. Hy-
brid dynamic modelling is particularly appropriate
for assembly processes as there are a small num-
ber of possible contact configurations and, hence,
we can dramatically reduce the complexity of the
continuous time process by abstracting to a higher
level.
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Fig. 1. Block Diagram Representation of Hybrid
Dynamic System

We will consider a specific type of hybrid dy-
namic system, consisting of a discrete event system
(in this case a discrete event controller) inter-
faced to a constrained motion system involving
two polyhedral parts (as discussed above). The
structure of the adopted hybrid dynamic model
is as shown in Fig. 1. The system consists of three
parts, which are the continuous time plant, the
discrete event controller, and the interface. Each
component is detailed below, with the description
tailored to the restricted constrained motion sys-
tems that we consider. Mathematically, the contin-
uous plant will be defined by a set of differential
equations describing the motion of the workpiece.
The discrete event controller is modelled as an
automaton describing task-level decision making,
whereas the interface serves as the communication
between the continuous manipulation process and
the decision maker.

2.1 The Continuous-Time System

Consider the general motion control of an ob-
ject or workpiece. The equation of motion of the
workpiece in free-space is given generally as

x(t) = f (x(t),u(t)) (1)

where x(t) is the continuous time state vector,
and u(t) is the input vector. We will consider
systems where u(t) is a velocity command which
is executed by a robot manipulator.

As the workpiece interacts with the inertially
fixed environment, the free-space dynamics of
(1) become constrained. For each edge-edge or
surface-vertex contact, this constraint may be
written as

9; (x(t)) =0 (2)

where g; is the constraint equation for the
jth edge-edge or surface-vertex contact. Distance



functions are ideal candidates for g; (e.g. the
shortest distance between a surface and vertex).
Note, equation (2) is only valid when the j"* edge-
edge or surface-vertex pair is actually in contact.

2.2 The Discrete Event System

The continuous time plant is controlled by a
task-level, discrete event controller modelled as
an automaton. The automaton is a quintuple,
(S,E,C,a, ), where S is the finite set of states,
E is the set of plant events, C' is the set of
controller events, a : S x E — S is the state
transition function, and 8 : § — C is the output
function. Each state in S, denoted -y;, identifies
a distinct state of contact between the workpiece
and the environment. For this paper, the states
will be taken as the possible combinations of
edge-edge and surface-vertex contact as discussed
above. Each controller event in C, denoted vy, is
generated by the discrete event controller, whereas
each plant event in E, denoted 7y, is generated
by the conditions in the continuous plant. Here,
plant events are generated when the continuous-
time system changes contact state.

The dynamics of the discrete event controller
are given generally by

Yet1 = @ (Vi, Tk) (3)
vk, = B() (4)

where v, € S,7, € E and vy € C. The input
and output signals of the discrete event controller
are asynchronous sequences of events, rather than
continuous time signals. The function « is func-
tionally dependent on f and g as defined by the
continuous-time system. Note that the state of
the continuous-time system is x, whereas « is the
state variable of the discrete event system and is
dependent on x.

2.3 The Interface

The interface is responsible for the communica-
tion between the plant and the controller, since
these components cannot communicate directly
due to the different types of signals being used.
The interface consists of two maps ¢ and . The
first map ¢ converts each controller event into a
plant input as follows

u(t) = é(vk) te <t <tpy (5)
where vy, is the most recent controller event before
time ¢ and #;, is the time of the k" discrete event.
For synthesis purposes it is often easier to combine
the control equations (4) and (5) such that the

control input is directly a function of the discrete
state

u(t) = ¢ (B()) tr <t <tpy1 (6)

The second map 1 converts the state space of the
plant into the set of plant events.

T = (x(t)) (7)

Note that equation (7) does not imply that 74
changes continuously as x(t) changes. The state
space of the plant is partitioned into contiguous
regions. The function 9 generates a new plant
event only when the state first enters one of these
regions. The map 9 is called a process monitor.

3. CONTROL COMMAND SYNTHESIS

The control commands are the input to the
continuous-time plant from the discrete event con-
troller. For our purposes, the control commands
depend solely upon the state of the discrete event
controller. We will impose the minor restriction
that commands can cause only one contact state
change at a time (i.e. only one contact can be
gained or lost per command). This restriction
simplifies the following analysis and results in a
more robust controller. The control commands are
determined by first establishing a desired event
for each state. The desired event is chosen such
that the system moves towards the target state.
The desired events may be determined manually
or automatically, depending upon the application.
For any given state, we use the desired event and
geometric considerations of the workpiece and en-
vironment to establish conditions on the command
to be executed.

There are three conditions upon which the con-
trol law (6) for motion control is selected. First,
the maintaining condition ensures that the cur-
rently active constraints (2) remain satisfied, if
desired. Second, the enabling condition is a neces-
sary condition that ensures that the next desired
discrete event 7441 is allowed to occur. Third, the
disabling condition is a sufficient condition that
ensures an undesired discrete event is not allowed
to occur.

3.1 Maintaining Condition

The motion of the system described by (1) is
constrained by (2). The first possible task of the
controller is to ensure that the control commands
satisfy this geometric constraint. To derive ad-
missible velocities that satisfy the geometric con-
straint, we can differentiate (2) to give

d

o lg; ()] x() = 0

tr <t<t
a k<t <try1(8)



where g; is the constraint function for this contact.
Noting that %x(t) = u(t), this can be rewritten
as

aj u(t) =0 tr <t <tpr 9)

where a; = Zg;(x) is a column vector with
length equal to the number of degrees of freedom.
Equation (9) is our maintaining condition in that
it must be satisfied to maintain the contact or
geometric constraint. When g; is a distance mea-
sure, equation (9) becomes a requirement that the
distance between the points of contact remains
zero (i.e. the points remain in contact).

3.2 Enabling Condition

In addition to determining motion that main-
tains a constraint, it is desired to determine the
motion such that the workpiece encounters the
next discrete state vyi41. Since the system is not
in k41, the following must be true

g; (x(t)) = K te <t<tp  (10)

where, without loss of generality, K is a positive
constant. In order to direct the system such that
K — 0, we require the time derivative to be
negative.

aj u(t) <0 th <t <tpp (11)
Equation (11) is our enabling condition. It is
a necessary condition for discrete event 7;41 to
occur. When g; is a distance measure, equation
(11) becomes a requirement that the distance

decreases or that the points of contact move closer
together.

3.8 Disabling Condition

The third condition, the disabling condition, is
derived directly from the enabling condition. Since
(11) is a necessary condition for a discrete event
to occur, a sufficient condition for a discrete event
not to occur is obtained by changing the direction
of the inequality.

ajTu(t) >0

te <t <tpp (12)
where j indicates the discrete states (constraint
equations) that are not desired to occur. Essen-
tially, this disabling condition prevents K from
decreasing in magnitude. When g; is a distance
measure, equation (12) becomes a requirement
that the distance between the points of contact
does not decrease (i.e. the points stay apart).

3.4 Solving for the Control Command

The desired event determines which of the
above conditions should be applied for each possi-
ble edge-edge or surface-vertex contact. The main-
taining condition is used when it is desired to
maintain a contact. Note, when it is desired to im-
mediately violate the current constraint by break-
ing the contact, the maintaining condition is not
used. The enabling condition is used to enable the
loss or gain of a contact. The disabling condition is
used to prevent unwanted gains of contact. From
the desired event, we now find a set of conditions
on the control command, one for each possible
edge-edge or surface-vertex contact. The control
command is determined by satisfying this set of
conditions. Any method for satisfying the set of
constraints will yield an acceptable input com-
mand. It is suggested to use a search technique
to maximise the minimum distance to each con-
straint.

4. ROBUST CONTROLLER SYNTHESIS

In Section 3 we have developed constraints
upon the input command. These may be repre-
sented as

(13)

L

=
vV I A

o

where ® is a 1 xn row vector which is a function of
the geometry of the system and n is the dimension
of the system. The relational operator depends
upon the condition, as discussed above.

Due to measurement or modelling uncertainty,
the exact value of ® is usually unknown. Instead
we assume that upper and lower bounds have been
established on each of the components of ® so that

P [i] < B[i] < Pyli] 1<i<n (14)
where @1, is the vector of lower bounds and @y is
the vector of upper bounds. These bounds may be
established by finding bounds on each of the un-
certain parameters to ®. If ® is complicated then
numerical techniques must be used to establish the
bounds. For simple functions, such as sinusoids,
the bounds can be established analytically.

Clearly we cannot obtain a solution to the
equality case of (13) when @ is uncertain. Instead
we will consider the remaining cases

@-u{i}O (15)

4.1 Solving for the Control Command

As in Section 3.4, we wish to solve the set of
constraints for a suitable control command. In
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Fig. 2. ® and Bounding Boz: As the constraints
are linear we only need to consider the ex-
tremal points (solid dots) of the bounding box

this case, however, the constraints are uncertain.
Hence, we wish to obtain a solution which is valid
for all possible constraints within the specified
ranges. This solution is a robust control command.
A “brute-force” solution technique is presented in
the next section, followed by a faster solution tech-
nique and a discussion of robust solution existence.

4.1.1. Brute-Force Solution  As equation (15)
is linear, only the extremal points of the box
bounding ® need be considered, as shown in
Fig. 2. Formally, equation (15) is satisfied if

‘I>X -u V@X (16)

vV V A
o

where ®x is an extremal point of the bounding
box:

Bxfil € {BLlil, Bulil}  1<i<6 (17)

To determine a robust solution we solve the set
of constraints with each uncertain constraint re-
placed by a number of constraints evaluated at
the extremal points of the bounding box. Unfor-
tunately, this technique leads to a proliferation
of constraints with each uncertain constraint con-
tributing many new constraints. For example, if a
constraint is uncertain in each of its six compo-
nents, then there are 26 = 64 extremal points on
the bounding box and so 64 new constraints must
be considered.

Despite the additional constraints it is still
computationally feasible to solve the complete set.
However, this is an inelegant or “brute force”
solution. The next section illustrates methods for
dramatically pruning the set of constraints that
need to be considered.

4.1.2. Fast Solution Technique First we define
®)s as the mid-point of the bounding box:

_ i) + Buli]

D i 5

1<i<n (18)

and we determine a trial solution ur using ® 5, for
the uncertain constraint.

Under the assumptions that:

e a robust solution exists, and
e the trial solution is close to the final solution
(ur ~ u)

we can determine which of the extremal points
is the most “critical” and, using only this point,
we can solve for the input vector, u. The point
which is most critical depends upon the type
of constraint being solved. If the constraint is a
greater-than constraint then the critical point is
the extremal point which minimises the quantity
® x - ur. If the constraint is a less-than constraint
the the critical point is the extremal point which
maximises the quantity ®x - ur. Intuitively, the
critical point is the constraint value which the trial
solution is closest to violating.

We require that the trial solution is close to the
final solution (ur ~ u) so that the selected critical
point for the trial solution is the critical point for
the final solution.

Thus, we may obtain a fast solution by the
following steps:

Find the midpoint of the bounding box, ®,
Determine the trial solution, ur using ®,,
Choose the extremal point of the box which
is closest to violating the constraint equation
(15) for the trial solution, and

solve for u using the chosen extremal point(s).

4.2 Solution Ezamples

In this section, we present two examples illus-
trating the application of the fast and brute-force
solution techniques.

4.2.1. Fast Solution Example Consider a simple
two-dimensional example which has the single
constraint equation

A-u>0 (19)

where A is uncertain and is bounded as

0.3 +0.12
A= [ 0.3+0.1 ]

This example is illustrated in Fig. 3.

We now solve the uncertain constraint using
the fast solution technique. First, we find Ay =

[0.3 0.3]T. Hence,

0.707
ur = [0.707] (21)
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Fig. 3. Example of Fast Solution: Solution process
for A -u > 0 with A uncertain and bounded
by the dotted rectangle. Ay is the mid-point
of the bounding box, ur is the trial solution
and u is the final solution

Thus, the extremal point of interest is Ax =

[0.18 0.2 ]T (as shown in Fig. 3) and the solution
is determined as

N I

Clearly, this is a robust solution to the constraint
equation (19). Note that (21) is also a robust
solution but that (22) is a better solution because
it maximises the quantity Ax - u for the critical
point.

4.2.2. Brute-Force Solution Example The exis-
tence of a robust solution to the set of constraints
is not guaranteed and Fig. 4 demonstrates an
example of this. Here we have two constraint equa-
tions

B-u>0 (23)
C-u>0 (24)

where B and C are uncertain and are bounded as

0.0+0.8

B= [0.&0.1] (25)
0.740.1

C= [0.0:&0.8] (26)

As there is no robust solution, we cannot apply
the fast solution technique and instead we use
the brute-force solution method. Using a gradient
search technique to solve the set of 8 constraints
results in

w={ o707 @

This solution technique minimises the areas (shown
shaded in Fig. 4) of each bounding box for which
the solution is invalid.
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Fig. 4. Example of Brute-Force Solution: No robust
solution exists, u is the brute-force solution
and minimises the areas (shaded) of each
bounding box for which the solution is invalid.

4.8 Summary

In this section we have presented a method for
determining robust control commands. Unfortu-
nately this method increases the complexity of the
solution by a factor of 2" where n is the number
of uncertain variables. Two solution techniques are
presented: one which solves all of the 2™ new con-
straints and a faster method which requires much
less computation. The fast solution technique re-
quires that a robust solution exist. If this cannot
be guaranteed then the brute force technique must
be used. The examples of each solution technique
demonstrated the application of these methods.

5. EXAMPLE OF ROBUST COMMAND
SYNTHESIS

We now give a complete example where the
uncertainties of the constraint vectors are derived
from the original measurement uncertainties and
the expressions for the constraint vectors. Con-
sider the two-dimensional assembly task shown in
Fig. 5 with parameters as presented in Table 1.
Here we have a peg being inserted into a hole by
a robot. It is desired to prevent gain of contact at
1 and to gain contact at point 2.

We can determine the constraint function for
contact 1 as follows:

a1 = 2-gi(x) (29)

using the shortest distance between the corner and
the surface as the distance function g; gives

a;=[10 —rlsina-i-rzCOSOé]T (29)

To prevent contact at 1 we require

aju>0 (30)

and with the parameters from Table 1 we have
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Fig. 5. Example: Peg-in-Hole Assembly Task

Parameter Value
T 2.0 &+ 0.5cm
Y 2.0 £ 0.5cm
«a 10 £ 5°
T1 1.0cm
T2 3.0cm

Table 1. System Parameters for Exam-
ple Calculations

1.0+0.0
a;=| 00+0.0 (31)
0.028 = 0.001

We can determine the constraint function for
contact 2 as:

a; = [ —cosa sina wsina +ycosa]T (32)

and with the parameters from Table 1 we have

0.981 + 0.015
a, = | 0.173 £ 0.086 (33)
0.024 + 0.008

To gain contact at 2 we require

asu <0 (34)

Using the fast solution technique, we determine
the trial solution as uy = [—-0.01 —0.92 0.38]".
Hence, the critical extremal point for a; is the
point which minimises the quantity a;up which
is

arx = [1.0 0.0 0.027]" (35)

Similarly, the critical extremal point for as is the
point which maximises the quantity asur which
is

asx = [0.966 0.087 0.032]" (36)

and solving using the critical extremal points gives
u=[-001-0970.26]" (37)
Clearly, this command satisfies (30) and (34) and

hence will achieve the desired gain of contact at 2
whilst preventing gain of contact at 1.

6. CONCLUSIONS

It is highly desirable to develop control systems
which are robust to measurement and modelling
uncertainties. In this paper, we presented a frame-
work for robust discrete event controller synthesis.
Both a brute-force and a fast solution technique
were developed for control command synthesis.
Two illustrative examples were presented which
demonstrate the features of the two solution tech-
niques. A complete example of a simple assembly
task was also given. This example demonstrated
the generation of the bounding boxes for the con-
straint vector and the successful solution of the un-
certain constraint equations. These examples have
demonstrated a highly successful robust discrete
event controller synthesis technique.
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